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The coherent states of a harmonic oscillator were first constructed by Schro¨dinger1,2 as
”the most classical” states of the oscillator. The properties of these states have been studied
in a systematic way by Glauber3, who showed their importance for the quantum mechan-
ical treatment of optical coherence and who introduced the name ”coherent state”. The
description of the coherent states is now a standard subject in certain textbooks on quan-
tum mechanics4,5, monographs on quantum optics6,7,8 and more specialized texts devoted
to coherent states of different kinds9,10,11. They were also discussed in many articles in this
journal12.
As the applications of the coherent states usually do not require the explicit introduction
of coordinate variable, the wave function for the coherent state is written down only in some
texts3,5,8,9,10. However, a phase factor, properly defined at the beginnig of the discussion
of the coherent states, is eventually omitted in some sources3,8,10. In this note we would
like to point out the circumstance in which the knowledge of this unimodular factor in the
coordinate representation of the coherent state is essential.
Let’s recall first the basic facts concerning the coherent states13. Following Glauber3,
the coherent state |α〉 is conveniently defined as an eigenstate of the harmonic oscillator
anihilation operator aˆ with complex eigenvalue α:
aˆ |α〉 = α |α〉. (1)
Using this definition and its adjoint form, one can calculate the expectation values of the
position and momentum
〈α|x|α〉 = (2h¯/mω) 12 Reα
〈α|p|α〉 = (2h¯mω) 12 Imα. (2)
It is also not difficult to find the Fock representation of the normalized state |α〉 in the basis
of states |n〉 labelled by the occupation number n:
|α〉 = e− 12 |α|2
∞∑
n=0
αn√
n!
|n〉, (3)
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where the phase is defined by choosing
〈0|α〉 = e− 12 |α|2 . (4)
In the further discussion of the coherent states one can check their well known properties:
they minimize the uncertainty relation and evolve in time, following the motion of a classical
oscillator. The effect of the time evolution operator acting on the coherent state |α〉 is easily
calculated by making use of expansion (3):
exp(−iHt/h¯)|α〉 = e− 12 iωt|αe−iωt〉, (5)
i.e. the coherent state remains coherent at all times. One can immediately see that expec-
tation values (2) of the position and momentum in the evolving coherent state carry out a
simple harmonic motion.
Property (5) allows one to write down the wave function obeying the Schro¨dinger equation
and the initial condition |ψ(0)〉 = |α〉, simply adding the factor with the zero-point energy in
the exponent and substituting αe−iωt for α in the coordinate representation of the coherent
state |α〉. However, to exploit this property one must know the full coherent state wave
function ψα(x) = 〈x|α〉 with a proper phase factor defined by condition (4). As we shall
see below, the phase depends on the complex number α labelling the coherent state and the
substitution α −→ αe−iωt makes it time dependent. Therefore, the omission of the phase
factor leads to the wave function which is not a solution of the Schro¨dinger equation. During
our study of the dynamics of wave packets14, among the cited references3−12 we found only
one text5 which provides this phase with a detailed derivation15.
To the end of this note we derive the needed phase factor starting from definition (1). It is
a simple exercise involving calculation of the standard integrals with the Gaussian functions
in their integrands, though certain care must be taken because α is a complex number. At
the same time we shall correct some errors existing in the literature. The eigenvalue problem
of Eq. (1) in the coordinate representation is a first-order differential equation for the wave
function ψα(x). Its general solution has the following form:
ψα(x) = A exp
[
−
(√
mω
2h¯
x− α
)2 ]
, (6)
where A is a normalization constant. Thus, the corresponding probability density has a
familiar, Gaussian shape. The normalization condition yields16
A =
(
mω
pih¯
)1
4
exp
{
1
4
(α− α∗)2 + iφ
}
, (7)
where φ is a real phase to be established from condition (4). Carrying out one more inte-
gration, in which the explicit expression for the ground state wave function of the harmonic
oscillator is used, one obtains:
iφ =
1
4
(α2 − α∗ 2). (8)
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Therefore, the normalized coherent state wave function with a phase factor chosen to ensure
(4), may be written as:
ψα(x) =
(
mω
pih¯
)1
4
exp
(
1
2
α2 − 1
2
|α|2
)
exp
[
−
(√
mω
2h¯
x− α
)2 ]
. (9)
After the introduction of α = α1 + iα2, this may be rewritten in a more readable form:
ψα(x) =
(
mω
pih¯
)1
4
exp (−iα1α2) exp
[
−
(√
mω
2h¯
x− α1
)2 ]
exp
(
2iα2
√
mω
2h¯
x
)
. (10)
Finally, one can introduce the expectation values of Eq. (2), for brevity denoted by 〈x〉, 〈p〉:
ψα(x) =
(
mω
pih¯
)1
4
exp
(
−i〈x〉〈p〉
2h¯
)
exp
[
−mω
2h¯
(x− 〈x〉)2
]
exp
(
i
h¯
〈p〉x
)
. (11)
The above epressions may be found in some research papers17. We see that the coherent
state wave function differs from a Gaussian wave packet with the mean momentum 〈p〉 by
the phase factor exp[−i〈x〉〈p〉/(2h¯)] which must be included if the quantum evolution of
ψα(x) is considered and Eq. (5) is used. When for special initial conditions the substitution
〈x〉 −→ x0 cosωt, 〈p〉 −→ −mωx0 sinωt is made in Eq. (11), one immediately obtains the
well known wave packet oscillating without change of its shape18:
ψ(x, t) =
(
mω
pih¯
)1
4
exp
[
−mω
2h¯
(x−x0 cosωt)2
]
exp
[
−i
(
1
2
ωt+
mω
h¯
x0x sinωt−mω
4h¯
x2
0
sin 2ωt
)]
.
(12)
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